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ABSTRACT

Three dimensional off design flow fiel ds are calculated for stream

Mach numbers in the range 1.3 to 4.0 and corresponding to attached and

detached shocks at the leadin g edges of a reentrant pyramidal waverider

geometry. The MacCormack shock capturi ng version of the Lax-Wenciroff

finite difference technique is used with grids chosen to align wi th

surface, symmetry, and approximate shock traces in the transverse plane .

Separate natural grid systems are defined for the compression and ex-

pansion regions , and an alternating region algorithm is used in combination

with a sequential transfer of the edge region .bdund~r~ conditions . The

latter are derived from overlapping portions of the computational grids

as integration proceeds axially to an asymptotic conical field. Equi-

valent attached shock cases result from ei ther of two approaches : the

alternating region al gorithm, or a consideration of solely the compression

region with uniform unknown conditions assumed near the edges . For

detached shock cases overall lift and drag coefficients exhibit smooth

variations between the attaéhed edge and detached apex limits .

(ii) • •
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1. INTRODUCTION

Waverider configurations have been of interest for some time for

supersonic fl i ght since the concept offers an implied control over con-

fined pressure fields for practical three dimensional bodies . Concep-

tually an inverse approach is adopted to determine geometric surfaces

consistent with fields derived from specified shock surfaces. Typically,

but not necessarily, the shock surface is of a simpl e kind (planar or

ci rcular conic, e.g.), and the associated body corresponds to that

specific (on-design) flow field. Nonweiler ’s original suggestion

was a del ta planform, caret cross section wing of finite thickness and

anhedral (Fig. 1) which matched a planar shock surface extending betwee’i

the l eading edges on the compression side . Gonor~
2
~ and Maikapar~~

considered an integral number of similar components arranged circum-

ferentiall y so as to fo rm a star section , right reentrant pyramid.

A number of studies have indicated that general ized waveriders under

on-design conditions offer advantageous lift to drag ratios and drag

reductions for equivalent voiumes.~~’~~

The essential geometric features of the waverider cross section

are the external and internal corners at the side edge and midspan

(or reentrant rib) locations . The same features are common, of course ,

to edges and junctions of many geometri c components of aeronautical

interest and in particular for high speed engine inlets of a truncated

pyramidal kind.

I
I,
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While on—design fiel d evaluations are relatively simple, the

off—design condition must be anticipated in most instances , and is in

fact assured if viscous infl uences were to be taken into account. The

shock surfaces are then unknown , rotational fields are certain to result ,

and shock detachment may occur. Several studies have explored the

off-design field on the basis of integral methods , linear departures , and

numerical methods, al l for attached shock cases.(6_9) The detached leadi ng

edge case was considered on a corrected Newtonian theory basis (10) and

free flight data for modified (blunt edge) caret sections is available.~~~

The present objective is the application of a shock capturing finite

difference method to caret waveriders for such, o.ff. design conditions

incl uding detachment from the leading (side) edges. A second order,

explicit algorithm is employed with grid systems defined explicitly for

corner section configurations and approximate alignment wi th average

shock trace locil . For the detached shock cases an alternating compression!

expansion region algorithm is used during the convergence 
•
process following

the “time like ” axial coordinate direction.

I 
I~~~~~~

-- ~~~ . . ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~-
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2. GEOMETRY, ON-DESIGN BASIS, OFF-DESIGN LIMITS

The caret wing geometry may be expressed in terms of the span , 2s,

and the on-design flow deflection , 6, and shock , B0, angl es (Figure 1).

For Mach numbers other than MD the section angle normal to the leading

edge controls shock attachment if the shock surface remains attached at

the apex. The normal section angle is

6$ = cos ’ 
COSB D 

-COS6 
~
in 2

~
p
~ - 

SiflB0 S1fl6 COS;
~u

~
1n
~
p
~1cos

2B0 
- 

~
OS 2

~
j)
u C0s2(B0—6)] (2.1)

~ ,

where the upper surface apex angl e is defined by

cos B
= cos 1 

{fl + (s*cosBD) 
2]l/2 

} 

(2.2)

and similarly

= 
~~~~~~~_ i  

{cos~t.~ cosd(l + tanB0 tanô) 
} 

(2.3)

Here s~ is the local semispan in units of axial distance from the

nose, or equivalen tly

tan B
= 

D (2.4)
- tan 88

in terms of the on—design shock angles in sections parallel and trans-

verse to the mainstream.

- •
~~~

- • .. - ‘
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The on-design condition is that for which identical disturbance

fields result for oblique shocks based on either (MD, 6) or (MN, 6N) pairs .

The normal sec tion an gle , 6N’ may be greater or less than 6 depend i ng

upon the relative span (Figure 2), and for attached shocks the normal

component of Mach number at the lead ing edge is

= M,,, sin~~ 
= M~ sin [tan~~(s *2 + tan 2B0

)~~
/’2

] (2 .5 )

Thus the geometry defi nes a wide cl ass of swe pt w ing fl ow f ield

behavior in the region “adjacent” to the leading edge if subject to

attac hed obliq ue shock cond itions. Typi cal parametric varia tions for

geometri es based on MD = 2 and 4 are listed in Table 1. Figure 3

illus trates the span influence on the presence of wea k or stron g shocks

at the side edge for the Table 1 cases applied to sel ected MD and B0
levels.

A useful bound to the disturbance region when shocks are attached

is provided by reinterpreting the geometry of eq. (2.1). With 15
$ 

and

6 replaced by B$ and i.e. by the shock angle normal to the leading

edge and the angle (Figure 1) formed by the upper ridge line and the

intersection of the shock sur face w i th the symmetry plane ,

‘cos B cosB sin2
~p - sinB sinB cos 2

~C05 — 1/2sinip~ [cos 2
~~ 

— cos 2lp
~ 

cos 2(~~—80)]

This is an implicit relation for the farthest possible extent of that

shock surface ; I.e.

0 — o f o  . o  *
~o’~N’ ~~~

- .~~~ - - -
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The on-design value of follows from eq. (2.6) on taking 8~ =

there results

* 
1/2

cos(B ) = cosB0 (2.8)
D s~ + tan2B0

Typical values for 8$ and with departure o f M,,, from the design

value are presented in Tables 2 and 3.

The design condition , geometry and stream Mach number, also

can be viewed as the configuration for which the disturbance is im-

parted no lateral momentum. The flow downstream of the shock surface
- ,

proceeds parallel to the geometric symmetry plane . A measure of

off-design Is therefore the turning relative to that plane, since the

symmetry condi tion then impl ies that some correspond ing compression

or expansion must appear in order to redirect the flow. The flow

di rec tion , t, from the leading edge and in the pl ane of the lower

(compression)surface follows from the component Mach numbers after

the attached shock (Figure 4) 
-

1 + ~~j i (M$sin 8N)2
M$

2 = ______________________________

2 51fl2(B$-6$)[Y(M$SInB$)2 - 1
]

(2.9)
(M ,,0cos~ 

)2
= (M sin8 J~— 1

2 1 + 
2(y-l) N N [ y(M$ SlflB$ ) + 1]
(~~l)2 (MN 5)T ) 8~)

-- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--

~~~
- .~~~~~ - _________________________ —
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I.e.,

(M sinB )2 + 5
tan T = .—

~
- = N N i f = 

~~ (2.10)
6(MN sin~~) sin(BN_c5

N)M ,,cos
~
j1U

On-design this reduces to = j ’~
, and (t

0
- r) ~ 0 implies fl ow

towards either the side edge or the symmetry plane. Table 3 include s

some typical turning levels and the corresponding lateral component of

velocity.

I ,  ! .

I
J 

—- 

~~—~~~ --~~~~~
- -
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3. DESCRIPTIVE FIELD EQUATIONS AND BOUNDARY CONDITIONS

Conservation Equations

The governing equations for inviscid, steady flow, of a perfect

gas, with pressure and density in units of undisturbed stream stagnation

values and velocity components in units of the maximum adiabatic veloci ty,

expressed in Cartesian coordinates are

E
~~
+F

~~
+G

~~~
O (3.1)

where

pu pu 
— 

- _ p W , -
—

E = 
pu2 F = 

puv I Puw (3.2)

- puw pvw kp+ pw2

and k = (y-l)/2y. The adiabatic energy equation then specifies

p = p (l - q2) (3.4)

For attached nose shocks an axial scale length is absent and a

conical coordinate system is appropriate. If (Figure 5)

~ :L;x
s XS~ (3.5)

— z , _  2
S ~ XS~

then the (x ,y,z) to (t ,n,E ) transformation impl ies



-.~~~~— -.---- ----- 
.-- — —--—-

~~..-- ~~~ -—- — —~
- - .L _________________________ __________

- 
8

a - i a n a L a
ax x~~ x a ~ x 3 ~

a _ 1 a
- (3.6)

a — 1 a ’
~~~~~~~~~~

-

and so eqs ,(3.l) become the weak conservation form

+ ~~~~~~~ + ~~~~~~~ + R = 0  (3.7)

, ~— I 1  ~~,

with - - -

• £ = E  , P = ~~~ - n E

(3.8)

R = 2 E  ,

Boundar y Condi tions 
-

F Say the body and shock surfaces are given by

B(r, a, 0) = 0 , 5 (r, a, o )  = 0 (3.9)

in a spherical (r, a, 0) coordinate system. A conical body geometry

may then be taken in the form

B
~

(a, 0) = a — f (o) = 0 (3.10)

with a unit surface normal i~ = (nr, f
~a
, no) given by

t

~ 

- - -~~~~~~~~
- 

—
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+ ~ )3 + 

~r 
1 

a]__[ 
~~~~~ 

2 1
~ aa rsina ae

(3.11)

(sina)3 — (f’)i~ I
= 

(sin 2a +

The uni t surface tangent ~ = (t~., tal t0), orthogonal to ~T and ~i in
a positive 8 sense, is

= ~~x ii = - n03 + n01. = (o, -n~,~~~) I (3.12)
Ii x n I -

The velocity vector ~ = (uc, vc~ 
w
~
) has components at the surface

which are 
-

v sin a- w f’
= (~~

.ri)Fi = 

(sin 2a + f1 2)
h/2 

r~

- 

- vf ’ +w sin a
q.1. = u~i + (q.t)t = u T  + l’2 (3.13)

C (sin2o + f ’2)

- 
‘I

and for = 0 it follows that

Wc — sin a
— 

~f’ (3.14)

II. ~~ 

-
~~~~~

— 
~~
.‘ — —‘.--— i— ——--— 
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For the case of a pl anar conical surface such as in Figure 1 the

eq. (3.10) descrIption implies

1 
s~ tanô sin8

f(o) = tan 8 (3.15)
tanBD sin(e-88

) + tan15 cos8 5 m B 8

and

tan6 sine sinB — tan80cos(O — B )
f (O) = sina cosa B

tan6 cosO sin~8 
+ tanBD sin(e -88

)

(3.16)

= — 
sin a cosa I A  ~~‘j 

I

- 
tan(8 

~
88 + 

~~

Here (e
~ 8 ~~8~ 

is the angle in the transverse (y,z) plane between

the surface and the 0 = constant plane . Thus eq. (3-14) becomes

w tan(o-B + 6 )
= - B 8 (3.17)

c w cos o

and implies that

0 
w~

(0 _ 8
8
+6

8) 
= ~r corresponds to = 0 when lie in the surface plane.

2 c
~ 

c~ (3.18)

The normal and tangent expressions eqs. (3.11), (3.12) also are valid

for a conical shock

S
~
(a.0) = — f5(e) = 0 (3.19)

p -
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and in the conical system the components of the free stream velocity

= (q~0cosa)~T - (q~,,sina)3 (3.20)

are

— 
q,sin 2a~ —

= — 

(s in2a5 + f12)l/2 
~5

(3 .21)

q P sino
= (q~cosa5)i - 

S (ç 3 + sina5k)sin a + f
S S I

The shock angle is

~~~~~~~~~ I 
sin2a

8(0) sin~ q 
= sin~ 

[(sin2as + 
f12)1/2

] 
(3.22)

and the post shock velocity components follow from the usual shock

relations and I 

-

) = 
~~ cL

~
(3.23)

= - q

I.e. ,
(Y—l)(M 5m B)2 + 2

q = q~ (3.24)
N (y+l)(M sin8)2

$1 I

--
-
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —--.- ~~~~ - --
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and

U =qcos ci =
~~~$ ~~~ S 005

p

v = —q sina ~~~ ~~~~~~~~ 
+ j~~~~

2 

+ 
2 

= 1- ‘~00 

- 1 
(3.25)S 00 

~ sin2a5 + f i 2  (y+l)(M sincj )2 00
s y(M sina )2

PS
2 1 sifl cy q,,,(1- ~~ 1 1 1/2

w5= ~~ ~~~ (M
00

sin a ) 2  s in 2a +f’ 2 
= 

114
00

2 P - 

5ifl2C75

where - 1:

- 

= 

2yt4~~ 
(3.26)

Boundary Conditions for Cartesian Conical System

P For the modified Cartesian , con ical , system of eqs. (3.5) - (3.8):

B =~~ - g (n )=O

(3 .27)

- 
s*(ng’_~~T - g ’3 +

n = = (n ,n , n )
+ g ’2 + 1) ‘~ 

Ti

The surface boundary condition = ~~~ = 0 then impl ies

= - {n~ 
+~~ ~~~ 1 = { s*(r19 I

g:
~

) + 

~~ 

(3.28)

L ~ 
—--

~~~~~
_
~ 

—. ,
~~~~

- 
- .

~~~~~
... - - - . - - - - - — — — 

- 

-
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Also the tangent component is the surface velocity vector

E = Uw 
- 

fl~; 3 + (~) k  
-] (3.29)

Specializing to a planar conical surface as in Figure 1 , eq. (3.27) is

specifically (Figure 5)

tanB0 
- tanô 

~ 15
Ti + [lower surface]

= (3.30)

(tan8
8
) ri - • • ‘s[~ipper surface]

E.g., for the lower surface eqs. (3.28), (3.29) are:

(1) ~~w 
- tan15

- 
(3 . 31 )

- 

; ( ~-) - tan6
(
~
T
~w 

= Uw [T + + 
~~w

At a shock surface = the shock normal is of the same form as

in (3.27). Now, however ,

= u
00
1 (3.32)

p - -

-- 
~~~~4 .~~~~ ” - 

~~~~~~~ 
-
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and the normal and tangential components are

- 
u

00 
s*(ng~ - ~~

) 
-

= 

(1 + G5)~~
2 

~s*(~g i - 
ç )I  

•~~~~

(3.33)

(U
1 

= (1 + G5) [G 5T + 

s*c~ g I
~~~~~~~J

I I  , I I  I

where G~ = (1 + g~2)/[s*(ng ’ - ~~~)] 2  and the shock angle is

8(n) = 
1 

1’2 (3.34)
(l + G5)’

The post shock components are then

- 
- G

5

-
~~~~~

U~ 
— 

l - + G5 
U

00

v~ = — g~w5 (3.35)

1 +~~~~

WS 
= -[ s*(ng~ - ~~)(i + Gs )] 

U
00

wi th
— 
(Y—l)M~~+ 2(l+G 5 ) s*(ng~ -

- 
(yi-1)M 2 js*(ng~ -

- • •~• • - - •—~~•~~~~~~ ••• -~~~~~~~~~~~~~~~~~~ - _jJ A~p
1 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

‘ - - - - - — --—• ‘.- — ~~~~~~~~~~~~ 
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4. F I N I T E  D I F F E R E N C E  NUMERICAL SCHEME

Predictor Corrector Forms

The solution of the descriptive system, eqs . (3.7) was carried out

using a finite-difference technique with the computation advanced along

the time—like axial , ~~, coordinate until steady (axially unifo rm)

conical conditions were achieved. The specific predictor /corrector

algorithm was the alternating direction , explicit diffe rence scheme of

second order accuracy as suggested by MacCormack

If the differential description is (eqs. (3~7))
I - I

- 
E .

t ; 

= F11 - - (1 (4 . 1)

and (n , j, k) are the indices for grid lines in the (r , r~, ~
) directions

then the predictor provides the intermediate state vector

~n+l = ~n - ~~~~ - Fn ~ - 
AC ~~ -

j,k i~k An ’ i~i ,k i~k 
‘ AF~ ‘ i,k +1 i ,k

- ~ fl ~ (4.2)

- 
- j,k C

and the correc tor prov i des

-n+l — i1-~
n 

+ ~n+l AC ~n+l ~n+l AC,~n+l _~n+l
~~~ ~ i,k ~~~ - An (F j, k - 

~-1~k An’ i~k J0k -l

AC)
(4. 3)

Her e

E
j k  

= 
~(nAC, j~n, ~ A~) (4.4)
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and from eqs. (3.2) and (3.8)

= r(E~ )
J’k J,k

Gi k  
= 

~~~
(E

~~~~~ k

) (4 .5 )

— R’E~- j . k  
- 

‘ j.k

A solution is converged upon achieving constant E
~,k 

after advancing

n a sufficient number of times . I8 - lI

Grid Systems

For planar surface waveriders the natural grid system is one that

conforms to the surface, symmetry , and shock traces in the (r~,~) plane .

The shock-capturing capability of the MacCormack algorithm and the

unknown l ocation of the jump distribution suggests the quadrilateral

(APBC) bounded grid formed by new coordinates (x ,~
) which are defined

as (Figure 6) 
- 

- 1 -

Ti - fl
~x = 

-

(4.6)

- 

-

- 

11R

These are essentially angular measures from the surface and symmetry

planes for the lower (compression) side . Approximate grid alignment

with shock boundar ies then foll ows from choices for the 
~~~~~ 

and

(
~~ ‘ ç1

) centers and knax’ ~max~ 
A procedure will be outl i ned below .

- ;_ :~~~ :a:. .~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~



~~~~~~~i_2~~~~~ =-~~~
-

- 
17

inve~t-i’flg.-eqS . (4.6)

~~ 
-

~~~~ 
-~ Pn

n = x(
1 - 

~l’x (4.7)

(~R 
+ 

~~~ 
- x)

~~ ): -

1 - 

~Px

and furnishes the actual field coordinates.

The transformed descri ption in (c~ ~~, 
i~ ) space , where ~

(j) and ~i(i) are

the normal ized parameters
;, I - I )~~~~

I I

- - 
x - x ( l )

x =
- x (l)

(4.8)

- 
- -

~~~~~ ~(l)
- 

~~~~ 
- ~(1)

for each of the two gri d directions , follows from eqs. (3.7) on

F 
appl ication of

a a
—

a x a ~ 2 a
— = —

~~~ — +  — (4.9)
3~ n(

~
(
~m) - x(l)) ~~~~ 

(~~ 
- 

~~~~~~~ 
- ip(l)) a~

a a a
= 

n(x(i~ 
- x(l)) 

+ 

- 

~R~~~
’m~ 

- ~(l)) ~

•--
-

~~~ . ~~~~~~~~~~~~ -~~ - - - - ~~-• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

__

~-J=~
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There resul ts

E* + F* +~~~~* + H* = 0 (4.10)
x

with the revised state vectors I I

E* =

F* = 
x(P + x~

fl(X(Jm) 
— x ( l))

- - 
I I  

(4.11)

G* = ~, ( ~~P + ~~~~)

- - 
- 

~~~~~~~ 
- ~p(1))

- ~P[x(i ) - x ( l ) ]  F* + x{~P(i 
) - ~p(1)] G* ~pF x~= H +  m m 

- - —

11

An analgous grid system for the upper (expansion) side of the

geometry is shown in Fi gure 7 and cons ists of

— _ _ _ _  Hx - ~-

(4.12)

= -

Or , on invert ing

= 
X(~~ -

1 + X tanB B
(4.13)

= 
x~u

tanBB +
~~e

1 
~

- XtanB8

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~~~~ 
— • --—- --- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,— - -  
- 
- - - - - - - -  --.
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Again normal izing the gri d l evel as in eqs. (4.8), the trans formation to

~~~~ 
~~
‘ 
~
‘e~ 

space makes use of

a = _ _ _ _ _ _ _ _ _ _  

tan BB .... ~~
_..

an n(X(
~m
) - x(l)) a~ ~~~~ 

-

(4.14)

~~~ x2 1+ 1 3
h1(X(J~ ) 

- ~( 1)) a~ ~Pe
(im) 

- 

~~~~ 
ai
~e

and resul ts in

— I I  II

E~~ + F* _ + G* + A = 0 (4.1 5)
- e~ ej~e e

wi th

E* =e

x ( F + x ~)
= ________________

e fl(X (Jm) — x ( l ) )
I 

(4.16)
~~- tanB ~G~ = 

~~~~ 
-

(1 + 2 xtanB )
~ + tan8 P

H~ = f l - [—  ~ - 

B
U e

_ _  

- 

- 

I

• ____ _,•_ ~~~~~— ~~~~~~~ — --—-
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Grid Parameters

The grid systems permit adjustment of the i and/or j loch so that

some mesh line(s) approximately parallel any expected shock discontinuitie s

for M < M D. Near on-design a shock lying along ~ ~~~~

- corres ponds to assum ing

for example. 0ff-design attached shocks correspond to 
~

with ip = constant matching either the oblique shock trace near the edge, or

l inearly approximating the entire shock trace over the entire 0 < n < 1

interval .

For detached shocksfrom the side edge, choices for 11R and can be

made such that the 
~N 

gr id l ine approx imates the norma l to the surfaces,

and s imul taneousl y the I~ = 0 mesh l ine approx imates the centra l (
~ << 1)

shock location . From eq. (4.6)

Ti 1
x = 

_ 
= _ _ _ _ _ _ _ _ _  = j  - 1.5) Ax

U (—- tan B )
1114 B

- (4.17)

fl H 1
= 

N = _ _ _ _ _ _ _ _ _  = (j -1.5) Ax
— 

N (— — tan 88)
N

Therefore for a given number of grid lines outboard of the edge, or

equ ivalen tly , if given

j — 1.5
3mn = j ,,~ 

- 1.5 (4.18)

I
I —

I —

A ,
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the location is

i — 1

~u ~~ .~~~~~~~ ~~
) (4.19)

3m n r ~

Conversel y, a given ( EU/E R) impl ies some ~mn ’ wh ich necessar i ly shou ld be

restri cted to levels leading to integer values of

= 1.5 + 

~~ 
- 1.5) 

~mn (4.20)

4 I 9 ~~~~~

which poses no difficulty . Essentially, eq. (4.19) shows that

1114

~mn > > 1 implies 00 

~~~ ~ ~R ~ 
= (4.21)

and the such that 3N is normal to the upper (expansion) surface

extended (i.e. T~) fixes X(JN) = tanBB, and from eq. (4.17) is then

~
U N 

= 
s inB B cos BB 

(4.22)

~ 1
In that case also

sin & cos 13.,
x ( JM ) = (4.23)

11PJ
— s in 2B

1114 B

The compression side grid extends to the intersection of the (i,j) = (l
~
jm)

meshlines or to (point P, Figure 6)

• 
.

- ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ — ~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ -— -- — ~~
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Ir tan6~
~~~~~~~~~ s* IX M

fl -
IIIQA 

~ + n I
~ xM

The j line procedure may be summarized as fol lows:

a) Assume in order to fix the mesh ,oi nt location outboard of

the airfo i l ed ge, and from eq. (4.22) the approximate 
~~~~

for a normal meshl i ne fo l l ows.

b) Assume 
~R’~T 

to fix from eq. (3.30), and also 1114(= ~14/tan38) :

c) Assume j~ and fix integer value of from eqs. (4.19), (4.20).

The i l ine procedure is straightforward from eqs. (4.6) and (4.12).
• I I  I

~~ - tan15
= ( iiO S’~ 

~ 
+ ~p ( l )  = (i-1)Aip + ~p ( l )

(4.25 )

= 
SVO 

= 

~~~
‘e + ‘

~e~~

in which ip(l) = -9 ’ and 
~Pe(l) = 0. The cho i ce of a maximum

based on expected shock strengths (see, e.g., eq. (2.7)) then fixes

both tp (im), 
~e~~

m) levels.

1
Boundary Conditions

Boundary cond iti ons are of four k inds : surface , symmetry, overlapping

computational grids and grid external field edges. The latter were main-

tam ed at free stream property levels (along the 1m and 
~m 

boundaries),

excepting for certain attached shock cases that took advantage of the

known uniform regions of compression near the edges to reduce consideration

to solely the lower region .

) - - 

--—-A --- 
-A ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .-  - - -  - -
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The surface boundary condition from eq. (3.31) Is

(
~

) - tan6
(

V ) = u w (4.26)
g 1

for the com press ion sur face with g~ = (tanB D 
- tan15) / s~. The same

form applies for the expansion side with 15 taken equal to zero; i.e.

= tan8
~ 

(4.27)

In practice such boundary conditions were enforced after each integration

step as the calculation proceeds and eq. (4.26) indicates some freedom in

choosin g u , v, or w as the basis for such adjustments. Since q2 = u2+v2+w2

(and omitting ( )
~ for convenience), eq. (4.26) impl ies quadratic equations

for v and w:

aw2 - 2bw + C + (q2 - u2)(1 - g ’ 2)  = 0
- 

.
- (4.28)

av 2 + 2bg ’v + c = 0

Here

a = 1 + 9 12

b = u tanS (4.29)

c = u2(l + tan215) —q 2

-- --A. ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~ 
- -  —-- - -

~~~~~~~~~~~
_ .~~ - 

-
‘

~~~ 
-~



- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ - A  ~~~~~~~~~~~~~ 

:‘- -— 
~~~~~~~~~~~~ ~~~~~ . - 

— - —

L . 
- 

24

and therefore

w (1) utan15 ± {~~~h4v 2 +w 2)(1+g 12) ~~(utan6)2
(4.30 )

1 + g ’2
v

I I

The contents of the radical dictate that

q2 - u2 = v2 + ~~2 = k (utanS)2 [k > 1] (4.31)
1—

I I  
i I I ! -  I t

where the k 1 limi t corresponds to a minimum (q2 - u2) level for

which the specific(v,w) pair from eq. (4.30) are

= u tan15 > 0wmin
(4.32)

A 

Vmin 
= - 9’Wmin <

,~

Thus

w } = wmin [{1J ± { g
’} ~ k -l } (4.33)

and the radical sign choices for a given u are clari fied in Figure 8;

I.e. a positive sign results in w > Wmjn and v > Vmin~ 
but v > 0 only

if w > utan 6. Eqs. (4.26) and (4.32a) show that the locus of mm points

as u varies Is given by

= 
~
vmin

p I

____ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 
- - . - •  — - -  —
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as is also clear from the slo pes of the const ant u l ine and its normal .

Point C in Figure 8, i.e. (v,w) = (0, utanô), is the reen tran t corner

condition as wel l as the entire compression surface condition if on-design .

For off-design eq. (4.26) implies an interval 0 < l v i < lv TJ along the ACB

l ine for some cons tant u. An init ial gue ss for the field does not

necessar ily corres pond to the corre ct interval , although in the attached

shock case the exact interval limits are predetermined. However, in either

case the algorithm eqs. (4.2), (4.3) does not ensure consistent state

properties for eq. (4.26) as the calculation proceeds.

Thus the E* vec tor as giv en by a corre ctor a1~orithm , eq. (4.3), may

resul t in a (v ,w) pair that does not lie on the u = constant locus (Figure 8),

and in fact may lie within the interior of the k = 1 circle. That the

possibility is of importance may be real ized by noting that g ’ can be smal l,

so that the points mm and C are in fact close together. Continuation of the

calcula tion re qu i res di stinct procedur es for the k ~ 1 situations . If

k >  1 the imposed boundary condition after each corrector step is given

by eq. (4.33); if k < l  the effective k may be ammended to that satisfying

eq. (4.33) for v, namely

V V .
k = 1 + ( mm )2 (4.35)

1 wmin

and w then follows from eq. (4.33). This procedure effectively increases

w without constraint on the sign of v.

Al ternatively, with v as the basis after each corrector step

- 1  
_ _ _ _ _ _ _ _  _ _  _ _ _ _ _  _ _ _
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- 2vg’tan15 + / (2vg’tano)2 - (l+tan 2o){(l+g ’2)v2-q2]
u =

1+ tan 2ó

(4.36)

w = u tan ô + vg ’

for the compression surface, and

~~ 
- 

~ co~~ 
)2

(4.37)

w = v tan~ 13
F I I

for the expansion side. Both eqs. (4.33) and (4.36), (4.37) were used

successfully, the former for the attached shock and the latter for the

detached shock applications.

The symmetry plane (r~ = 0) condition imposes a reflection of the

j  = 1 mesh line properties properly interpolated to take acccunt of the

diverging grid in the (r~,~) plane. Wi th ~ and ~ from eqs. (4.7) and

(4.25), and x(i) = AyJ2 for j = 1.2 the interpolation follows from

(Figure 9) the weighting

= ‘
~~l:2~~~

’
~~i ,2) 

0 if ~(i) ~ 0 (4.38)

E.g.,

p(i,l) = p(i,2) - [p(i + 1 ,2) - p(i ,2)] (4.39) 

~~~~~
-— —--— ~~~~~~~~~~~~~~~

——
~~~~ — ~~~~~~~~~~~~~~ -~~~- A- - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Similarly, p, u , w symmetry and v asymmetry may be imposed at all (1 ,1)

points . For the expansion side (E~ < 0)

= ~(i,2) - ~(i + 1 ,2) (4.40)

and 
I ’

p (i ,1) = p(i ,2) — [p(i ,2) — p(i + 1 ,2)] ~~~~~ (4.41)

Outboard of the tip (n > 1) either symetry or overlapping grid

interpolations were impos ed. For attached shock conditions TM (Figure 6)

may be considered to be a symmetry plane and the grid values for p. p . u,

and (V 2 
+ w2) were upgraded after each sweep of the entire mesh region

so as to impose that symmetry . For detached shock conditions the

overl apping grid results were used to upgrade the boundary conditions

along either TM or TP (for the upper or lower region respectively) based

upon the results of a set number of sweeps for the prior i ntegration

region. A 

-

In the symmetry case, for each in < i < j~-l the ~ corresponding

to each x(i) along TM is

u~~R~ 
x tan8B -

= (4.42)
+ X(nRtan~B

_ 
~~

which fixes the maximum (integer) i for a given j in region TPM on
use of eq. (4.25). Since the normal to TM has the slope (- cot

~B)

the symmetrically opposite point corresponds to

I 

~~~.-— - -- -~~~~~~A- -~~~~~~~—-— -- - -- ~~~
_ _ -- L_ . - 

- j ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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.--, — -

= 
flopp

xopp -

(4.4 3)
= ~opp~~~R

-

where

~ 
tan~~ +

1 + tan
~B tan(2

~B -

(4.44 )

= 11~ tan(288 -

I’

I 4 ‘ . ‘

and = tan 1
(
~1/fl~

). Thus

x0 -x(i)
p(i ,j) = p (i+1 ,j) + [p(i+l ,j )—p(i + l , j—1) ] ~~~

(4.45)
tp(i+l ) -

+ [p(i+l,j )-p(i+2 ,.j )] OPP
~I4)

with similar relations for p(i ,j), u(i ,j), and v0~ç1~ ~~~~ Then

v(i,i) = v0~~ cos 2~ + w0~~sin 2~

(4.46)

w(i,j) = v0~~ sin2 138 - wOPPCO52~B

such that v 2 
+ w2 = v0~~

2 
+ ~~~~ The levels from eqs. (4.45),(4.46)

are then associated wi th all i equal or less than that from (4.42) to

complete the grid specification throughout TPM.

I
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The procedure for the overlapping grid case is similar to the above .

Partially converged results for the lower region , e.g., provide conditions

along TM as the tip condition for the upper region integration. Eq. (4.42)

defines both 
~TM for a given in < < j~-l , and with eq. (4.25) the

adjacent i values  (i
i, i )  bracketing the point on the TM locus . Then

~TM = + - 
~~~~ 

~TM~~~ i (4.47)

and s imi larly for the other state properties . On completion of partial

convergence for the upper region , the same procedure establishes values

along TP as the subsequent l ower region condition. In that case the

corresponding to each x(i) point on TP is

tan6(l + X[tän
~~~ B 

- 
~ 

1)
= 

U (4.48)
e s*(1 + ~‘x)

Decoding I ~

‘

The flow variables must be decoded from E* or E~ results in order

to reconstruct F* , G* , H* after each predictior and corrector step. From

eqs. (3.2) and (3.4)

E + ~~

‘

~~~~

‘

~~~~~
- 4k( l -k ) (E 2 - E2 - E2)

u = 2 1 3 I,

2(1-k) F3

v = 1 ~
-

(4.49)

-A— ~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~
_ _~~~~~ _~~~~~~~~~~~~ _
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(449)
E (continued)

w = ~~~
I

E
~p = ~-

E E E
p . = ~~~~ (i-u~ - (3  )2 ( k)2 )

The sign choice for the radical follows from consideration of small v

and w, or that u remains supersonic. Once again , however , the finite

difference procedure does not ensure consistent E~ values after each

t~ step. If R is the contents of the radical ‘
in eq. (4.49) there are

two implied physical constraints:

R > O

E +
2 — < 1  (4.50)

2(1—k)E —

The first ensures real u and the second that u < q < 1.0.

I.e. ,

E > j
~~

- 
. 

= (4k (1— k) [ l - (q2—u2)])
1 mm (4.51)

1 E
= l — k ( q 2 — u 2)

1 max

Is the permissibl e E/E range for the calculation to continue .
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These bounds are of special importance for undershoot/overshoo t behavior

near shock loca tions , for near sonic speed, and at high Mach numbers .

In the present computations both the R < 0 and p < 0 possibilities were

monitored and corrected for by modification of E to constrain the system

to physically meaningful results during the asymptotic approach. Such

modifications proved necessary when starting with arbitra ry initia l

conditions but the need does decay (i.e. in terms of number of necessary

modifications ) as the integration proceeds .

Figure 10 illustrates the limits of eqs. (4.51) and also includes

the E /E variation wi th M for the special case of~’ - =w = 0; i.e. in
2 1 - -

the latter case

2 = 
2 (v = w = 0) (4.52)

E [~i M2 (1+ x~i M2)] ’h/ ’2

and varies between (y2_ l)l/2/y = 0.6999 and unity for 1 < M < ~~~ . In

general the minimum condit ion corres ponds to

u2 > 
k(l— q2) (4.53)

— 

1— 2k

and the v = w = 0 special case im~il ies u = / k/Cl-k) or sonic speed ,

consistent with eq. (4.52).

Solution Procedure s

The integration of the field proceeds from assumed initial conditions

at the arb itrary ax ial plane ~ = 1. Free stream conditions suffice but an

/
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appreciable reduction in computation time results with either imposed

shock layer flow variables which are based on psuedo on-design conditions

or the continuation from a previously determined solution as the conditions

closely approximating those next of interest. An attached shock evaluation

would therefore typically fol low by taking a ~~ increment from an al ready

converged solution for some M ,  starting originally with the on-design

case. At each ~ the predictor and corrector computations from eqs. (4,2),

(4.3) imply decoded values applicable at ~ + t~ , boundary conditions are

then enforced , and the steps are repeated until uniform conical conditions

are achieved at some downstream ~~~.

I I I  ~~. I

For known attached shock conditi ons (T1R IE R ) was placed at the s ide

edge and moved to such that the i mesh lines formed a set parallel

to the~~= 0 centerline.In such cases only the lower (compression) region

need be considered and the outermost grid boundary Urn
) was displaced

inboard so as to lie w ithin the uniform flow region between the tip and

the post shock Mach cone from the apex (Figure 11). This arrangement

provides an i grid line which parallels the shock in the uniform region

and places the singular ~ 
)
~ origin external to the computational domain.

However, free stream conditi ons are no longer appropr iate along 
~m 

and were

replaced in such cases with the simple floating uniformi ty condition

= P(i
~ im

_ l)
~ 

etc. The tip region propert ies therefore were sel f

adjusting to a final sweptback edge compression l evel .

For detached shoc k cond itions , as well as when check computations

of the attached shock case were considered the alternating grid procedure

was employed with partial convergence of the respective upper and lower

regions carried out successively. Initial conditions consisted of finite

/ 
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shock layer approximations extended over the entire lower (compression)

region and the tip portion of the upper region. This is of some importance

for small s since the overlap region TMP in that case may itself be small.

- 
I~~ - ~- I I  ~~I

L. -
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5. NUMERICAL RESULTS

Computations were carr ied out for two bas ic care t sec tions w ith
= 350 and 6 = 5.746° and 22.1810 (Table 3). The geometries correspond

to on-design flows at MD 
= 2 and 4 respectively and in each case both

s* = 1 and 2 were cons idered. For the MD = 2 geometry both the attached

and detached (alternating) al gori thms were used for some of the attached

side edge cases as a consistency check on the procedures .

A measure of the shock capturing behavior is shown in Fi gures 12 a,b

for several M,,, < MD at each of the MD levels. The pressure distribution

through the shock layer adjacent to the symmetry plane (r~ = 0.01) for

attached side edge cases exhibits fairly unifo rm conditions both within

and external to the shock layer. Overshoo t and undershoot was always

present upstream and downstream of the shock location with a numerical

adjustment to the pressure jump occurring over 3 to 4 mesh widths . The

major shock jump was over two mesh widths as indicated by the dashed lines.

Lower (compression) surface pressure coefficient distributions appear

in Figures 13 a, b,.c. Figures 13 a and c contain only attached side

edge cases ; Figure 13 b includes those for s ide edge detachment. The
A attached al gorithm imposed the uniformity condition at ~ 

> 

~ 
(Figure 11)

and led to converged solutions in good agreement with the theoretical

pressure levels (indicated by hori zontal lines in Figures 13) for the

uni form edge regions , and with break points in the distribution quite con-

sistent wi th the expected r~5 l ocations . The detached shock cases

(M~, = 1.3, 1.4 in Figure 13 b) achieved near edge pressures comparable

with post shock levels for a symmetric shock lying at 1 ~ < 1.06.

Iii. ’
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E.g., for the M~, = 1.3 case 0.38 ~ C~ ~ 0.41 is impl i ed behind such

shoc ks when lying outboard of the side edge.

Upper (expansion) surface pressures for detached cases indicated

free stream l evels over the entire surface span. The expansion about

the side edge rapidly weakens the nearby shock and resul ted in a pressure

f ield for r~ < 1 within approximately one percent of the free stream

pressure . Nevertheless , the upper region is of some importance as a

boundary in the detache d region wh ich allows for the rapi d changes .

Shock jump loci i in the crossplane are shown in Figures 14 a, b , c,

the 9eometry being inverted. All points were ob1t~i nec~ as midpoint

estimates of the greatest pressure jump location along each grid line

(e.g., as in Figure 12). Solid lines in Figures 14 a, c are the theo-

retical attached shock traces for r~ > r~5 (Figure 11). The interpolated

points are in good agreement with such di rections and maintain the same

direction for an additional interval ri < in which the edge conditions

persis t away from the surface and exter ior to the Mach cone .

The dashed line in Figures 14 a, c indicates the limiti ng shock

directions for post shock supersonic flow normal to the edge. For these

geometries (Table 3) the condition corresponds to M~, = 1.428 and 2.326

for the (6, 
~~ 

pair exampl es. The M~ = 1.4 case in Figure 14 b represents

a condition very cl ose to the classical detachment level (Ma, = 1.41);

= 1.3 is a fully detached case from the side edge and is approac hi ng

close to the apex detachment limi t of M~, = 1.26.

In both Figures 14 a and c the point scatter increases appreciably

as the shock traces depart from the computational grid di rec tions , 

A- A- - - -A - - -- - — - -   - 
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i.e. for r~ 0 regions and for increasing IMD - Mj, with an indicated

waviness on the order of the grid scale. For the detached M~ = 1.3

case the grid scale was app rox imately halved to confirm the effect for

a widely bulging shock.

The N = 1.4 case close ly adhered to the limiti ng shock di rection

for a supersonic side edge with virtually no discernible pressure jump

in the field on the expansion side . For M = 1.3 the detachment is

quite clear and an appreciably weakened shock is visible on the expansion

side. Two Mach cone traces are shown for the upper (expansion) surface

in Figure 14 b. One is the apex Mach cone for M
~,

= 1. 3 which extends to

about r~ = 0.6. The other is the free stream Mach cone distu rbance

envelo pe limit from the si de edge wh ich i s tangent to the Mach cone

centered on the apex. The latter limi t makes cl ear the rapid weakening

of the shock in the close vicinity of the edge and the reasonably

parallel shock trace extending into the upper field. This appears to

be cons istent w ith the v i rtually undi sturbed surface pressures found

for that surface as - mentioned above. The detachment scale itself

remains small (r~ 1.05) despite the close approach to compl ete detach-

ment at M = 1.26.

Figures 15, 16, and 17 summarize the overall force coefficients for

lift and drag based on

= 
2 

~ 
(2_~) d~ - 

~ 
(..L) d~

~ 
Pc0 9.

~ ~ 
p~, e

(5.1)

c = 
2tanó (~2~ d - 

%ase

~

p -

—A-A- A- — — — A------ -A - ---A-- 
- A — —A - —  — _

~~~~ A-— -A — -—-  ____1_ 
~~~~~ -A-

— 

~ , ~~~~~~~~~~~~



—A- -

~~

-_ 
:-i~~

- . - —A--p - -  
______

- 37

wi th base~~co~ 
taken to be zero . The base pressure level can make a

substantial contribution to a drag reduction , of course , depending on the

Mach number level . For example , on-design the extremes of 
~~~~~ 

for
A 

MD 
= (2,4) imply the range CD 

= (0.0492, 0.2157) to (0.0133, .1793).

For N = 2, CL/CD increases from 2.68 to 9.94,, and for M~, = 4 from

2.04 to 2.45 for 
~~~~~ 

in the range 0. to 1.
“ 

- 

Comparison is made between results from the attached and detached

algorithms in Figures 15 and 16 for s~ = 2 and M~ = 1.7 and 1.5. The

CL disagreement for the latter may be attributed to edge effects on the

upper surface under near detachment conditions , as evident in the CD
unaffected agreement for the same cases. For relatively smaller

(M = 1.7) the alternating procedure proved to be very consistent.

The coefficient variation in the detachment range of M~ shows no

abrupt lift losses due to edge effects. One computation was purposely

carried out beyond the apex detachment limi t as a consistency check;

for M~ = 1.2 a sharp decrease in CL was indicated (approximately 20%)

on starting from the M~ = 1.3 solution and completing several hundred

~ steps . The lift to drag ratio decreases smoothly from 2.68 to 2.48

for attached shocks at 2.0 > Mt,, > 1.50 and averages 2.47 ± 1% in the

detached M~ interval .

The detachment evaluations depend critically on an appropriate

initial condition in the overlapping mesh regions PTM, Figure 6. For

thin geometries , such as the 6 = 5.75°, MD = 2 exampl e cited here, it

is essential that initial cond iti ons along the boundar ies PT and TM be

representative of a shock layer, and that the overlap be sufficient to

--A-A —A- -A--~~~ -A — 
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allow descr ipt ion of the gradi ents in that reg ion. For P -
~ M , i.e. an

extremely thin geometry , the alternating al gori thm would effectively

require a match of derivatives along the common interface. In this

sense the calcula tions for 6 5 0  are a good test of the capabilities of

overlapping mesh regions chosen so as to conform to specific surfaces

and shock layer segments. It is to be expected that “thick” caret

solutions , e.g., would converge somewhat faster and be less sensitive

to initial field choices. Virtually all of the present results were

obtained , however , by stepping M~ to a new level and proceeding from

the prev ious field. 
A l  A
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6. CONCLUSION

The study has appl ied shock capturing finite difference procedures

to waverider configurations of the caret type. It is fairly evident that

a grid definition for crossplane sections with cornersand concave regions

poses special constraints. For off-design Mach numbers such that shocks

remain attached at side edges it has been shown that computational grids

may be chosen to conform to crossp lane surface and symmetry planes while

simultaneously providing approximate but adequate matching with antici-

pated shock traces. For the Mach number i nterval corresponding to edge

detached to apex detached flow fields the i nteracting compression and

expansion portions of the field may be evaluated by similar specialized

grid regions of relati vely small overlap.

The suggested alternating algori thm requires sequencing the

separate integrations for each such region, with interpolative adjustment

of the boundary conditions in the edge region as the asymptotic integration

proceeds. The evaluations demonstrate the utility of such an alternating

algorithm for relatively smal l regions of overlap that are impl ied by thin

conf igurations .

Whi le no attempt was made to refine grid scales so as to define the

flow details in the detached near edge region , the overall force coefficient 
—

resul ts make clear that sharp di sconti nuiti es in behav ior are not present

in the transition from attached to detached side edge conditions .

_  _  
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APPENDIX 1

COMPUTER CODE

A code glossary, flow chart and listing are given below for the

detached shock field algori thm. Computations were carried out on the

M.I.T. Multiplexed Information Computing Service (MULTICS) system

which makes use of a Honeywell 6180 computer in a time sharing mode .

Computer time per grid point was 2.34 x l0 3seconds and solution time

varied from 10 minutes for nearly on-design to two hours for a fully

detached case.

Specifi c gri d constants are summarized in Table 4 for the cases

considered . Stable solutions were completed with bet = 0.05.

Numerical instabilities were evident for bet > 0.10.

1 
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Code Glossary

a (1 + tan2tS)
ajmn (3 m 5)

~’(3 n 1
~

5)

ak (y-l)/2-y

akl

ak4 initial condition shock l ayer weighting factor
al
am N
amd M~, on design
b vh tan6
be

bet t~ / L
chi x
d (1+h2)v 2— q 2

dz - d~
dcc
dcp

del 6
del chib X(

~m) - x (l)
del psib 

~
1)( 1m ) -

dxi r 6~/ t~ •

e A —

et

etb r~ along 
~B 

locus
eti 11L
etr 

~R
f
9
ga y
h
hh (tan

~D - taflô)/S*
im, iml

~m’ 
jml 

~m

/

- ~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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in in
jnl j~~+ l

ni cycle count
p p

It I Ir ( / )
ps-i
p1 p/p0
p2
q q
qq q2

r 
~~~~~~~~

rr (p/p0)
~,,

rl - p/p0
5 s*
tbb tan

~B
tbe tan~0
tbbi tan(2

~B 
-

U U

uu ~~~~~~~
v v
w w

xi
xib ~ along 

~B 
locus

xi r  
~R’ ~M

xiu
xid 

~im f0r
~

1 O
z

-

1._ i •
--

-
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FLOW CHART

jRead data file 1
jWTnt case constants

f~ nitial c~~ Tf1on ba~T~~fl 
I

f~ irTnT fcon~~~ on ro~Tine and
print selected field values

Request region of inte ration

Call integration loop 
- 

I

boundary conditions ____ 
A

(
~ ~ ~
predictor for ~
decode and (~

, ~, fl)
- - n+lcorrec tor for E

decode

Pr in t  cycl e count , decoding count~~1and axial station

1P~T~~ii1i ~~ed f i e l d  va lues  ~~~ ~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

hp~int ent i re
1
fi :l d. store , ~~~~~~~~~~~~~~~~~~~~~

-- - —A- -A— - ~~—~~~~~~~~~
-- - A - —~~~~~~~~ - -A- .•— --—--~ -- — --—-a- -~~~~~~~ 
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dimens ion p(i.2,L.2),r(42,42),u (L.2,~~2) ,v (L.2,42) ,hU.2,42)
dlmen 5icn ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
dim ensicn ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
dimens ion etl (42,~s2 ),x j I (i~~,42),ch Ll (4 2 ),p sL I (L.2)
di mension ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
dimension e1 (L.2,~+2,Ll.)
commo n /cl/ p,r,u,v,~
common /c2/ ga,am, be,p i,-amd
com mon /c3/ hh,dcc,dcp,tde ,Occl, dcp l
common /c~+/ im,j m , iml ,)rr l
common /c5/ ak9,akt.
com mon /c6/ JJn ,a ,xiu ,tbb ,etr

• common /c7/ iii ,j j i , i i i I , j i j  I ,jni, l t ,j tl
common / cS/  x i ,  et ,xi l,~ t l
common /c9/  ~n
common Id Ol x i r , chi ,ps i , chi l ,ps i i
con rmon’~/ci1/ ak
common /c 13/ S

common /cl l+/ e t , e, f ,q,h
common /c15/ dz , -a1 ,b~~t ,z
common /c 16/ de lch i b,d e l Qs ib , delchf l
c ommo n / c lT/  neqr ,nejp
common /c 18/ p l ,r l ,u l ,v l , w l  • IJ

common /ciJ~/ n i t
common Ic~ l3/ j a , J b
namel ist /nam / ga ,am ,s ,be, d e t , b e t , J n ,e ta ! ,

aki, ak2 , n i ,a md ,ak3 ,nLt ,a.~L.
rew ind  22

c constants , coord inates
• read (22,nam )

ak = (ga—1 .)/(2.~~g-3)
pi = i4- .4 a tan(1 .)
t d e  = t -~n Cd e l / 1-tiQ. ’~~i)
a =

t b e  t~ n(o e/ 18 0 .~~pi)  -

tbb tLe/s • 
- 

-

hh (tb*~—t de)/s
xlr = ak1~~tbb
etr = (xir — (tde/s ))/lIh
xiu = 2.4 etaJ’I (sin (~~.~~atan (tbb )))
a~ mn = ( ( x i u / e t a l ) — t o b ) / ( ( x i u / a k l ) — t b b )
ak9 = 1.5 + ( J n — 1 . 5 ) ~~ajmn
i n  ifix (aK~ )Am = J~r
) m l  = j i t
i m i  Ar t
a)mn ()m—1.5’a / (~~n— 1.5)
xiu = x ir -~’(aj mn—1. )/ (airnn— (ak1/etal ))
x lc l  = ak2~~xir
dcc = 1./((xLu/ ak1—tbb )~~(Jm— 1.5))
dcp (xicl— (tde /s ))/etr /(Am 1.)
dcc l = dcc
dcp l aK3/(Iml— 1 .)
J f l l  = J ir l — 1
111 1 = I r t I  — 1

J r + 1
1 1 1  = J rn— 1 I

Iii = 1ir~—t 
-
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4 -
J i m = Jr— I.
dz = bet/U i
al c2~- i j J
pr int 1 C C ,  anr,deI,be, (18O./pj)~~atan (tbb ),s,

e t a l , a k l , e t r ,x i u , x a c l ,
alc 2, d cc , d c o , a k 4 ,
a1113, d c c l, d cm l ,

& Jn ,jm, im,
nit , J m l ,  Im l ,
al, bet,amd

C
do 11 1 = 1 , L m
psl (i ) (i—i. )~~dcp 

— liii

io 10 1 1,jm
cbi (J ) (j — 1 . ~~

)
~~dcc

aK9 = 1. — c h i ( j ) ~~ps i ( i )
et (I,J ) = chi (j )~ Ix iu—xi r—etr 4psi (i))/ak9

10 x L (1 , J )  = (xir + (etr—xiu 4cni (J ))~~psi (i))lakS
11 - c o n t i n u e

do 204 1 = 10 ,111
aK9 = et (1,j) — 1.
3t1 =

it (a k9.gt.0.) go to 205
201, continue
205 Jt = Jtl  — I

print 146, j t
print 120
de ichib = c h i ( J r n ) — chi (1)
d e ip s i b  = p si( ir i) — psi(i)
do 61 II i ,iml
psi I (ii) = (il—i. )~~dcp I
do 62 II = 1 ,Jm i
cliii (ji ) (J l— 1.5)~~dc cI
aIc9 = 1. + ct ’il (jI )~~tbb
et l (il, J l ) cr~iI (Jl )’ (x iu— osil (iI )) /3k9

62 xii ( i i  ,J I )  = (clii i (J I I 4xiu~~tbb + osi I (A l ) )  / ak - ~61 con t i nue  
-de ic hu l  = c h i l ( J m I )  

-
— c h i L i)

c a l l  pr c o ord
c in i t i a l  cond i t i ons :  —0+ d i s c , d e s , -n

p rint 102
read 108, 1
ca l l ic ( I)

C inte gralion
z 0.
kc 0

208  print 147
read 108,1

23 do 21 k2 = 1,ni
kc k c + 1
J a =

Jb = J t  — 1
do 2 0 7  k I = 1,nl t
call int€ grat e (l )

207 cont inue
Ia 2
J b 1
call inteqrate (I )

21 contInue
pri nt 120 A

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -A—- . ~~~~~~~~~- - - ~~~~~~~~~~ L



- __.._—~— -~~~~ - - — -- A - •  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ____

46
I 

~- ~~ • I

print 12k , neqr, nego
negr = C- -

negp = C
z = ~ + dz nI

c not converged : — 0+ mancyc,stoo, elm od ; -0+ o r f i n ,s t o p ,w r i t e
rewind 9
wr i t e  (9) p,r,u,v, w ,o l, rl ,ul , v l ,~~l24 print 106,z
c a l l  pr
print 107
rea d 108,11
if (II ) 23,25,26

26 ca ll m od (I )
r go to  208

2 5 print 1O~~J

read 1 0 8, 1 1
If ( i i )  4 9 ,50 ,51

1.9 print 135
ca ll p rfin

51 c o n t i n u e
50 stop
C
100 fo rmat (“m “,fô.2,” d e I t a~~~, f8 . 4, ” b e ta d =”,f 8 . 4, ” bet a b~~’,

& f8 .k, ” b4 “,f5.1,/,”e t a l =”,- f6 ~ 2,” I e t a m  “ ,f 8 .4 ,
& “ eta r ~~, t 8 . 4 , ’~ xiu “ s f 8 . 4 , ’ x i c l  =“, f 8. 4,/ ,

“ak2 = “ , 1 & .~ ? , ” de I c hj ~~~’ , f d . 4 , ” de lpsj z ”,f 8.4,” akl. =“,f 5 .14 ,/ ,

“ak 3  =“,f6 .2, ” de Ic h I~~” ,f d . 4 , ” de ips l ,f 8 .4 , /,
& “Jn “,iL,,.x ,”J m =“, A L .,ó x , ” A m = •1 , j 4 1 / j
& “nit =‘ ,il+,kx , ”j m l  =“, ik ,6x, ” m l  =“, i4,/ ,

“al =“,fô.2,” bet “,f 8 . - ~.,” amd “,f S . 4 ,/ )
102 format ( “ f i x  i.c.”)
105 format (“ it e rs= ” ,i7 ,i7)
106 f o r m at  ( l n  x =“,f B . 2)
107 f o r m a t  (‘1p r-oceed opt ion ”)
108 fo rma t  ( i2 )
109 f ormat ( ‘ t e r mi n a te  opt ion”) -

120 format (tx ) • 
- 

•

135 format (1,1,1)
121. fo rmat (“ne;r “,ir,, 2x , ”negp =“,i5)
146 format ( J t  “,i73
147 format (f  ix reg ion”)

end
C
C
C
C

subrout ire Ic (l )
c Initial corii it ions

djmens icn p(42,k2),r (42,42),u (42,42),v (k2,42),x((~2,1.2)
dimens i on p1 (t+2, L.2 ) , rl (4 2 ,42)  ,uI (42, - .+ 2) ,v I  ( t .2, L,2 ) ,w l  (42,42 )
common /cl/ p,r,u,v ,~common /cZ/  ga ,am,be ,p l ,a md
common /c3/  hh, icc ,dcp ,tde,dcc l ,dcpl
common /c4/ l n i ,J m , im l , ) r n l
common /cS/ ak~,akt,
common /c7/ i i i , J J h i i i l , ) j j I , )n l , l t , J t l
common /c9/ In
common /c18/ p l ,r l ,u l ,v l , wl

I
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47
; , I~ ~~1 1 A  j~~~~~t~~4~~

rr =

= rr~~ ja
uu sqrt ( ( g a — 1 . )~~am~ am/ 2. /(1.+ ( g a — 1.) anr 4 am/ 2 . ) )
if ( I)  12,13,14

c read d isc f i e l d
12 rew Ind 9

r ead (9) p, r ,u ,v ,w,pl ,r l ,u l , v I ,w l
c a l l  pr
return

c “on d esi gn” i.c.
13 19 I f i x  ( i . +hh /dcp)

110 = jn 4. 3
do 15 I 1,im
do 15 J 1,j rn
p U , ) )  pp
r ( 1,J )  = rr
u(i , J )  uu
v ( 1 , j  ) Li.

15 w ( i , J )  0.
do 75 ii 1 ,iml
do 75 ii = 1, I m$
p1 ( A l , )  I)  =

r l ( i l , j  I) = rr
Ut ( i l ,J l )  = uu
v i  (A l , )  I) = 0.

75 w $ ( i I , J t )  = 0.
ak9 = (arn~ sin ((be/180.~~p i)+(asin (1,/am )—a sin (1./amc

1)} ak4))~~~2
Pt pp ’i1.+2.~~ga4tak9—i.)/(ya41.))
ri rr~-( ga+1.)4ak9/(ak~~~(ga—1.)+2.)
q sqr t(1. — p i/ r t )
uI  = q~~sQ r t( i ./ ( 1 .+t o e~~~2 ) )
vi 0.
wi = u1~~t d e
do 17 i = 1,i9
d o 17 1 = 1,110
p ( i ,J )  = p1 

A

r(i,j) ri
u (L ,J ) ul -

v ( i , j)  vi.
17 w ( i , ) )

do 2 0 6  1 = 1,8
do 206 3 = j t l,i10
p1 (1,)) = (pp+pl)/2 .
r l( 1 ,j )  = (rr+rl)/2.
uUI,J) = sa r t( (1. — p I ( i , j ) / r l  ( i ,j ) )/ ( 1 .+ t d e~~~2 ) )
v l (A, J ) = 0.

2 0 6  w~ (1,j) = u l (i ,j )~~tde
ca ll  or
return

c new m m t  A m i t y
14 print 103

read 104,am
r e w I n d 9
read (9 )  p,r ,u,v ,w,pl , r l ,u l , v I ,w $

= (j.4(ga—t .)~~am~ am/2.)~~~(i./(i.— ga))
pp = rr~~~ga
uu s q r t ( ( m a~ 1.)~~am~ am/ 2 . / ( t . + (g a 1’.)~~a m 4.am / 2 .) )
do 19 3 = 1,Jm
p(Im, )) pp

~ 
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ru m ,)) = rr
19 u (lm ,3 ) = uu

do 76 II = 1,J m l
p I ( i m l , J l )  = op
r l ( I m l ,J l )  = r r

76 u l ( I m l , ) l )  = uu
00 20 1 = 1,im
p( i, Jrn ) pp
r (1,Jm ) r r

20 u L I , ) m )  uu
do 77 II = t , iml
p l ( I l , j m i )  = pp
r l (ii , J rrI ) = rr

77 u l l ( i t , J r n l )  = uu
c a l l  or
return

C
103 form at  (“m
104 format  (15.3)
C

end
C

sub r o u t i r e  i n t e g r a te ( l )
C

c a l l  b c ( l )  
A

ca l l  e e ( I )
c a l l  f g h ( l )
c a l l  prd
c a l l  d e c o d ei ( l )  

A

call fg~~(1)
call ccr

88 ca l l  d e c o d e ( l )
r e t u r n
end

C
C -

subroutine bc (l )
C boundary conditions

dime nsien p (42,42),r(42,42),u (42,42),v (42,42),w(42,42)
dimension pl (42,42),rl (42,1.2),uI(42,42),vl ( 42,142 ),wl (-’42,k2)
dime nsion et l (L+2,-’+21 ,xil (1.2,42),chil (42 ),qsil ( 4 2 )
di mension et (42,1.21,xi (42,42),chi (42),psi (42)
common /cj ./ p,r,u,v,w
common 1c31 hh ,dcc,dcp,tde,dccl,dcol
common /c4/ im , J m , i m l , j m l
common /c6/ )Jn ,a,x iu ,tbb ,etr
common /c7/ iii,)) ) , i u i I , J J J  I, Jn l , ]t ,Jt l
common /cB/ xi ,et ,xil ,et i
c o m m o n  / c 3/ In
common /clO/ xir,c hi,p si,chu l ,p sil
common /ci8/ p l ,r l ,u i ,vl,. l
if ( l .g t . 0)  go t o  78

& C f l a t s u r f a c e
‘A 1 = 1

do 79 3 2 , )t
= 1. — p1 ( A , )  )/ r i  ( A , ) )

u l ( i ,J )  s q r t ( g a — ( v l ( i , J ) / c o s ( a t a n ( t b b ) ) ) ~~ 2)
79 w l U , J )  = tbb~ v l  ( 1 ,3 )
C center l ine

do 80 1 = 1,11l~

I -
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‘In

r.~x ir — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~• p1(1,1) p L (i ,2 ) +(p l (i +1,2) u i C i , 2 ) )~~dx ir
rI (1,1) = ri ( i ,2 ) + ( r l  ( 1+ 1 ,2 )— r i  ( i ,2 ) )~~dxir
u l ( I, 1)  = ul (j,2 )+ (ul (i+1,2 )-ul (i ,2 )) dxir
v i  (1, 1) — v i  ( i , 2 ) — ( v l  ( j + 1 , 2 ) — v I  ( i . ,2)  )

~~dx i r
8 0 wI (j,j) = w l ( j , 2 ) + ( w l ( j + I , 2 ) — ~~i ( i , 2 ) )

~~dx ir
r e t u r n

C
c compression surface
78 1

do 30 3 2 ,Jt
= 1. — p (j,j)lr(i,j)

b = hh 4. tde 4 v ( i , ) )
d (i.+hh4~~2) (v (i,J )~~~2) 

— gcj -

u (i,j) (—b+sgrt (o~~42— a~ d))/a
30 wti ,)) tde~ u (i,))+hh~ v (j,))c center l ine

do 31 1 =1,iii
dxir ( x i ( i , 2 ) — x i  ( i , 1) ) / (x i ( i + 1 ,2 )— x i ( i ,2 ) )
p( i ,1)  p ( i , 2 )  — ( u ( i + i ,2 ) — p ( i ,2 ) ) ~~dxir
r(i,i) r (i,E) — (r (j+i,2)—r (i,2))~~c1xir’
u(i,1) u (i,2) — (u (i-il,2)—u (i,2))’dxir
vii ,i) —v (i,2) + (v(i+1,~?)—v(i ,2)) ~dxir

31 w (i,i) = w (i,2) — (w (j+1,2)— ~’i (i ,2))~ dxi r ,
return 

A

end
c -

C

subroutine decode l (i )
dimension p(42,1.2),r(42,42),i (1.2,1.2) ,v ( 4 2 , 4 2 )  ,~~(4 2, 1+2 )
dimens icn p I (4 2 , 4 2 ) , r t ( 4 2 a 1 , u t(4 a , 1.2~~,v l (4 2 ,4 a ) ,~4 l ( 4 ~~,42 )
dimension e (4 2 ,42 , L.) ,f (1.2,42,4) ,g(~ 2,42,4) ,h (42,&,2, 4)
dlmens icn e1 (L.2,42,4)
common /ci/ p,r,u,v,w
common /c7/ 1i i, j 3), i u i l , j j j  l ,)n i ,Jt ,J t l
common /cil/ ak
common /c l -1./ e i , e , f , q , r i
common /c 17/ neqr , n e - ~p
common /c18/ pl, r l, u l, v l,wl
common / c 20/  j a , J b
ak ii = 1. — ak
do 36 1 1, ili
do 36 1 J a , ) ) )
It ( l . g t . 0 ) go to  92
v l (i ,J )  e 1 (i, J ,3 )/~~1 (i ,3 ,1. )
w I ( i , J )  = e i ( i ,3 , L. ) / e l ( i ,j , 1 . )

33 akg e 1( i , j ,2 )/ ~ 1(i,J ,1)
aklO = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~t = aK9~ 4.2 — al-dO
LI ( t . g e . 0 . )  90 to 37
negr negr + 1.
e1( i , J , 2 )  = i.01’el (i ,J,1)4 sqrt (aklO)
go to 38

.37 uI (1,J) (ak9+sqrt (t))~~0,5/al-ct1r i ( i ,j )  e 1(j ,3 ,j . ) / u l ( i , j )
p € C L , ) )  = r I ( j,  3 )~ (1.—u I L L , ) )  ~~~ —v 1 (1,3 ) ~ a— ~ ILL ,  3 ~ 2 )
t = p I ( i , j)
11 (t . gt . 0.)  go to3b
necip = nego + 1
go to 36 - 

-
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v (z,)) e1 (I,j ,3 )/el(i, I ,i )
w ( i , J )  e1 (A ,j,4)/ei(i,J,1- )

93 aIc9 e i ( t ,3 ,2 ) / ej . ( i , l , 1)
aklO 4 . ’a k 1j ’ ak~~(1. — v ( i ,  I )‘ 2 — w ( L , )  )

~~ 2)
t = ak9’~ 2 — 

~k1O
I t  (t.ge,0.) go to 94
negr negr + 1
el (j,J ,2) = 1.01~ e1 (i,J,1) sqrt (ak1Ol
go to  93

91. u( i ,) )  = (ak9+sqrt (t))40.5/al-c ll.
r( i ,J )  e 1( L ,j , 1) / u ( i ,J )
p C I , ) )  = r (i ~J )‘(I.— u ( i , J  )

~ 4 . 2 — v ( i , )  )‘~~2— w (m ,I l~~~~~~~~2 )

t p Ci,) )
i t  ( t .g t . 0 .)  go to  36
negp = negp + 1

36 continue
return
end

C
C

subroutine d~ code (l )
dimension p (42,42),r(42,42),u(42,42),v(42,42) ,v4 (1.2,42)
dimensi on pI (k? ,L+2),rI (42,42),ul (42,~.2),vl (42,

L,2),wl (42,42)
dimens ion e (1Ai2 ,42,~.) ,f (42 ,42,4),g (1~~ ,L*2~,~+),h (42,42 ,4)
dimension e1(-42,42,4- ) - :
common /cl/ p,r,u.v,w
common /c7 1 j j j , 3 3 ) , i i i l , ) ) ) l , ) n j , J t , l t i
common /c.L1/ al-c
common / c l4/  e i ,e ,f ,~~,h
common /c17/ negr ,ne~~pco mmon /c i B/ p l , r l , u I , v l , v l l
aid . = 1 . — a k
common / L2 C /  j a , j b
do 36 I =

do 36 3 = Ia,)))
If  ( I . g t . 0 ) go to  92
v l ( i , J )  e ( i , J , 3 ) / e ( i , J , 1 )
w ILl , )) = e (i,),4)/e (i,),t)

38 aIc9 = e (j,j,2)/e (i,J,1)
ak iC = 4 . 11~ ak’(1.—v J (i, J )~~2—w I (i,3 )’~ 2)t = atc9~~ 2 — al-d.C
If  ( t . g e . 0 . )  go to  37
neg r ne~j r + 1
e ( i , J , 2 )  1.014 e( i , ) ,1)~~s a r t ( a k i 0 )
go t o 38

37 uUl,J)  = ( a k 9 + s c i r t ( t ) )~~O.5 /ak11
r I C A , ) )  e ( i ,3 , i ) / u l ( i , j )
p 1 (1 ,3 )  = rI (I, 3 ) ~~(1.— u 1 C j ,  I )

~~‘~~— v l  (i, I )~~ 2 — ~ I ( I, )  )~~ 2)
t = p l (i, J )
I f  (t.gt.0.) go to36
neg p neg p + 1
go to 36

92 v U , ) )  = e (i,3,3)/e (i,1,1)
w ( i , 3 )  e ( L , ) , 1+ ) / e ( i ,J , 1)

93 ak9 = e (i,1,2)/e (&,J,1)
al-dO = 4 .~~ak 11~~ak ’ (1 . — v ( 1 , j ) ’ ~~2 — w ( 1 , ) ) ’ ~ 2 )
I = a K 9~~2 

— aiclO
Li (t.ge.0.) go to 9 L

negr negr + 1 
I

e (L,3,2) 1.Ot~ e (L ,J ,1)~ sqrt (al-c10)
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51
go t o 93

91. u (i,I) = (aid9+sgrt (t)) 0.5/akll
r(j,)) e (i,),1)/u (i,))
p( i,I ) = r U,1 )~~(1.—u (i,3 )4. 2—v (i,J )~~42— sCi, 3 )‘~~2)I = p U ,3 )
if (t . g t .O . )  go to 36
negp = neg p + 1

36 continue
return
end

C
C
C

subroutine Drd A

dimension e(-42,42,k) ,f (42 ,42 , ’.) ,g(42,L,2,~.) ,h (-L12,-t.t2,4)
dime nsion el (L.2,Li2,4)
com mon /c6/ JJ n,a ,xiu ,tbb ,etr
common / c 7/  iii , j 3 j ,  i 1 1 1 , 3 3 3 1  , I ml, J t , )  II
common /c9/ 3m
common /clk/ el,e,t,g,h
c o m m o n  /c 15/ dz ,a I ,be t ,z
common /c20/ Ia, lb
do 98 k 1,-’.
do 27 1 J a , J j j
do 27 i 2,111 I I

e l( 1,J ,k)  = e ( i ,h k )  — a I ~~( f ( i , 1 , k ) — f ( i , J — i , k ) ) — b e t ~~(g ( i+1,),Ic )
& — g (j,J ,Ki ) —

27 continue
do 97 1 = j a , J t

97 el (1,J,k) = e (t ,J , k )  — al~~(f (j,J,k)— f (1,J—1 ,lc ))—bet ’ (g (2,3,Ic )
L —g (i,j,fc)I — (h (1,J,k)+2.~~e(1,J,k))4dz

do 201. 3 = )tj,3fl
201 e l(1,J ,k) e ( 1 , ) , k )
98 c o n t i n u e

return
end

C -

subroutine cor - 
-

d imensio n e(42,Z+2,~+) ,f(42,42,-4) ,g(’.2,42,
1+),h (L.2,42,4)

dimension e l (42 , 4 2 ,4 )
common / cô/ ) J n , a , x i u , t b b ,e t r
common /c7/ i ii, ) J ) ,  l i i i , )  I i  1 , 3  ml , J t , )  t i
c o m m o n  /C1A t~/ e i ,e , f ,~j ,h
common /c 15/ d z , a i , b e t ,z
common /c2 0/ j a , J b
do 200  k 1, 1.
do 2~ I =

do 28 1 2,i A L
e (L, J , k) = 0.5~ (e (i, 3 ,K )+e j (i ,J ,k )—a I’ (f (i ,j+l ,b)— f ( A , )  , K)  )

— bet~~(q( i,j ,td )— g(i—1 ,j ,K ))— (h(I ,j,k ) +2 .~~e1 (i ,j, K) )’~iz)
28 contInue

do 99 3 = Ia, i t
e (1,3 ,lc ) O .5’ (e ( l ,) , k)+e i ( l , j ,k )  — a i (f ( 1,j#1 ,I~)—f (1 ,J , k) )

I —be t~~( g ( 2 , ) , } d ) — g ( t , ) , i d ) ) — ( h t t , ) , K ) + 2 .~~e l ( 1,3 , l - c ) )~~dz )
99 contInue
20 0 continue

return
end •

C 
I

subroutine ee (I)

L I   
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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dlmen sicn pj( 1+2,42),ri (42,42),ul (42,42),vl (42,42),ilI (42,42)
dimens ion e(42,’.2,’+) , f (42,42,4),g(42,L.2,4) ,tl (42,’42, 1)

dimens ion el(42,42,4)
common /cl / p,r,u,v,w
common /c~+/ im, j m ,im l ,)m i
common /cll/ aid
common /cl 4/ el,e,f,g,h
common /c1 8/ pl ,rl, u l ,vl,wI
common /c20/ Ja, J b
do 90 1 = 1, im

do 90 3 = lb ,Im A

if ( i .gt .0 ) go to 91
e(1,),i. ) = r l ( i , ) ) 4 u 1 ( i ,j )  -

eLi , j , 2 )  = p I C A ,  3 )~~ak + eLI ,) ,1) ~u 1 CI,) I
e (i,3 ,3) = e (i,3 ,1)~~v l C i,))
e (i,j,4) = e (j,3 ,t)i WUL,3 )
go to 90

91 - e (i,j,1) = r (1,j )4.u (i ,J )
e (i ,j,2) = p ( 1 , ) ) ~~aid + e (i,),1)-~u (i,))e ( i , j ,3 ) = e( i ,j , 1 ) - ~v ( i , ))
eLI,) ,4 )  = eLI,) ,1)’w (i,))

90 continue
return
end ~~~~~~

C
sub routine 1- i ih( I)
dimension p (42,k2),r(42,~+2),u (i+2,42),v (42,42),pd42,42)
dimension pI (’+2,42),rl(L.2,42),ul (42,-i2),vl (42 ,42),wl(42,42)
dimension et (42,42),xj (42,42),ch i(42),psj (142)
dimension etl (42,42),xil (42,42),chj l (42),psjl i2)
dimension e (’.2,k2,4),t(k2,42,4),g (4+2,42,4),h~~~d,-42,4)
dimen sicn el(42,42,4)
dimension fb (4),gb (4- )
common /cl / p,r,u,v,~
com mon /c4/ i m , J m , i m l ,J m l
com mon /cô/ Jjn ,a,xiu,tbb ,etr
common /c8/ xj ,et,x ll ,etl
common Id Ol xir,chi,psi ,chil,psil
common /c11/ aid
common /c1 3/ ~common /c 14/ ei,e,f,q,h
common /c16/ delch ib ,d elps ib ,de lchi l
common /c1 8/ p I , r l , u l , v l , w l
comm on /c20/ Ja ,)b
do 34 1 1,lm
d o 34 j = Jb,)m
I f  ( l . g t . 0 ) go t o  86
vv v 1( i , ) ) / s — e t I ( i , ) )~ u l ( i , ) )
w w w 1 ( i , 3 ) f s — x i I ( i , J ) ’ u l ( i , J )
t b ( i)  = vv 4r t (i , I )
fb (2) vv~r l ( i , j ) 4 u l ( i , ) )  — a l-c~ p i (i , ))’et i (i , J )
f b ( 3 )  vv ~ r l ( i , J )~~v l ( i , ) )  + ak4.p l (1 ,j ) /s
f b (4) vv ’rI (I, ))~~wl (I,))gb ( 1) = ww r l ( i , J )
g b(2 )  ww ~ r l ( 1, ) )~~uI( i ,I)  _ atc +p l ( i , 1)~ x L i ( i , l )
g b ( 3 )  ww~~r 1 ( i ,J ) v i  U,) )
gb(4 )  = ww~ r l ( i , ) ) w I ( i , J )  + ak4p l (l ,J )/s
do 85 k = 1,’.1(1,3 ,k)  = (c hi I ( ) ) g b ( i d ) + f b ( I c ) )

~~ch l I ( J ) / e t l  ( 1 , ) )

________________ _____ 

__________ 
~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~1( i ,J ,k)  f ( i , 3 , k) / ue lc I~L l
8 5 g ( A , J , K )  = g ( l , J , k ) / p s i l ( I m l )

go to 34
86 v v v i i , )  I /s — et ( 1 , 3  )

~~uIi ,
ww = w ( I ,J ) / s  — x i ( i , j ) ~~u( i ,  I)
fb (1) = vv~r (i,j)t b ( 2 )  = v v 4r ( i , ) )~~u( l , ) )  — al-c~p ( j , J ) ~~e t ( i , J )
t b ( 3 )  = vv ~ r ( i , 3 ) ~~v ( i , 3 )  + a k ~ p( i d ) / s
f b ( 4 )  v v~ r ( j , J ) ~~w ( i , j )
gb (1) = ww~r C i , ) )
g b( 2)  w w r ( i , ) ) ~~u ( i , ) )  — ak~ p ( i , 3 ) ~~x i ( i , J )
g b ( 3 )  = w i ~~r C i , 3 ) ’ v ( L , 3 )
g b ( -1.- ) ww ~ r ( i , J l ~~w ( i , J )  + a k ~ p ( i , J ) / s
do 35 Ic = 1, 4

f ( i , ) , l- c ) = ( c h i ( ) ) 4 . gb( lc ) 4 fh (K))’chj())/et (j,))
g ( 1 , J , k )  = ( p s i ( i ) ~~ f ~~( I- c )  + g b ( k ) I~~~s i ( i ) / ( x i ( i , ) ) — x i r )
h ( i , h k )  = (psi (j)*f (j,J, I c)+ c h i  ( 3 )  ~g ( i , J , t - c ) )  / C 1 . — o s i ( i )~~ch i C J  ) I

L —1b (k)~~psl (i )/(x i (i ,J)—x ir )
& —gb (k)’~chi (3 )/et (L ,))

f (i ,J,k) = f (i,j ,K)/delchib
g (i,J,k) g (i ,j,lc )/delp sib

35 continue
31. cont inue - 

I I  A

return -

end
C
C

C

subroutine pr
dlmensicn p(4Z,42),r(42,’.2),u (42,42),vt42,42),w (42,42)
dimension et (42,’.Z),xi (42,42)
dimension p l ( k2 ,4 2 ) , r l (4 2 , 4 2 ) , u 1( 4 2 , 4 2 ) , v l ( 4 2 , 4 d ) , v ~I ( ’ .2,1.2 )
djmensjcn et I (L+2,42),xiI(~e2,1.2)common /ci / p,r,u,v,~
common /c4/ i m , J m , I m l , J m l
common /c7/ i i i - , 3 3 J , i i i l , J ) J l , J n l , J t , I t i -
common /c9/ jn
common /c1C/ p I , r J , u i , v l , w I

c part ial output
pr int 110
print 1.3, (p(i,)),3 1,jtl,2)
print 114, (p3 (1,11), 3 l 1,)t 1,2)
print 11.8, C r 1  (1,) I), 3 1= 1, )  t t ,2 )
print 11.9, (V I  ( 1 ,) ) ) ,  3 1 1. ,Jt i,2)
pr int 2.iG
print 113, ( p ( L , 2) , I 1, im,2)
print 111., ( p 1( 1 1, 2) ,  il l ,iml ,2)
print 11.3
do 40 Ic 1,3

40 print 11~, ( p( I c , ) ) , 1 J t 1 , j m )
print 11.0
do 63 Ic = 1,3

63 print ilL4, (ol (Ic, i i ) , 1 1 = 3  tI, J mI
print 110
return

C
110 fo rmat  (2x )  -

113 for mat  (“p “,2.’,201 8.4)

_________ _ _ _
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• - - ~~; ‘ , ;-: , ~ t • ~ I
I or-~ ~ ( r l” , , ~ ~) I 8 • ~, 

)
149 format (“v l ” ,2x,2 0f8.4)
C

end
C
C

subroutine prcoord
dimension et (42,42),xi (L.2,42)
d imension c.IUL,2,L+2) ,x i I (L .2,-L,2)
common /c~./ im , )m , Im l , 3m 1
common /c3/ xi,et ,xiI, et l
common /c9/ )n

c p a r t i a l  coord ou t p u t
)n1 = J n +  1
prInt 121
print 111, (etCl, )),3=l,)nl, ’.)
print 121
ret urn

C -

111 fo rma t  (“e t” ,2 x ,2 0 f 8 .4 I
121 format (2x )
C

end
C I I I

C
subroutire pr fin
djmens icn p (’.2,42),r (L.2,42),u (42,L+2),v (42,42),w(-~2,42)
dimension et (’.2,L+21,xi (42,42),chi(1.2) ,psi (42)
dim ensicn pI (42,42),rl(42,42),ul (~~~,’.2),vl (-+ 2, -s2 ),i-~l ( 42,42)
dimension et l (‘42,42) ,xil (~+2,4�~),chi1 (‘+2) ,psil 142)
dimension etb (42) ,xib (’+2)
dimensi on p2 (~.2,k2),p3 (i.2,-L,2)
common /ct/ p,r,u,v,~i
common /c2/ ga,am ,be ,pi,amd
Common /c3/ hh,dcc ,Ocp ,tde,Occl,dcpl
common /c4/ im,)m, im I , )m l
common /c6/ J J n ,a,x iu ,tbb,etr
commo n /c7/ iii,j ) J , i i i l , J ) J  l ,J n l., J t ,J t l
common /cB/ xi,et ,x II,etl
common /c9/ 3m
common Id Ol x lr ,chi,psi,ch il ,psil
common /c18/ p l ,r $ ,u l ,v 1,I~d

c coor dinate s
print 125
do 52 i=l,im,2

52 print 126, (et (j,J),J 1,Jm, 2)
print 125
do 5.3 i=1,im,2

53 print 127, (xi (i,)),3 1,)m,2)
do 4ô ) jn,jm
et b (j) = (chi (j)-xiu )/ (1. +cr’i1 ())~~tbb )

46 xib (3 ) tbb4etb (J )
print 12~pr int ile, (etb (3),)=)n,3m )
prInt 12S, (xio (J),) )n,)m)
print 125
do 61. L I = 1 ,LmI - ,2

64 print 138, ( e t l ( L l , J i ) , J i 1,J mI , 2 )
prInt 125
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do 55 ~l 1,Im I ,2
65 pr Int 139, (xt l (i t , I L ) , 3  1 1,3 ml ,2)

pr in t  i~~S
C fie l d

aIc 9 2./(g~~ (am ~ -~2))
do 47 J~~~, J m
do 47 1 1,i’o

47 p2 (j,3) p( i ,j )/p (im, Jm )
do 95 i= 1,im

95 print 1 30 ,  (p2 (i,)),I 1,14)
print 125
do 202 1 =

202 print 130 , (pZ (i,j),3 15,28)
pr int 125
do 54 1=1, 2

54 pr int 136, (p2 (i,J ),1 29,Jm )
print 125
do 55 i-=1 ,im ,6

55 print 131, ( r(i,j),)=1,Jm ,4)
- 
print 125
do 56 j 1,jm,6

55 pr int 132, 1 u (i,J ),) 1,Jm ,4)
print 125
do 57 i 1,im ,6

57 print 13.i, ( v (i,J ),) 1,Jm ,4) 
, ~ -

print 125
do 58 i=1,im,6

58 print 131., C N(i,j), 3 1,jm,4)
print 125
J 3 n 4  = in — 4
33n2 = 3 m  + 2
print 131, 1 r (1,J),J 3 Jn 4, J 1 n 2 )
print 132, ( u(1,J),3=j)n4,))n~ )
print 133, ( v (1 ,J ),J 3 3 n 4,I3n2 )
print 134, ( ,~(1,J ),J= jjn 4,Jjn2 )
pr int 125
do 66 J I  1 , ) m I
do 66 ii = 1 ,iml -

66 p3 (iI, 3 I ) p 1 (i l, j fl /pl( iml , )mI )
do 96 ii = 1, im l

96 print 11 . 0,  ( p3 (i l , 3 l l , j 1 1 , 1 4 )
pr int 125
do 203 Al = 1 ,iml

203 pr int 140, (p 3 (iI,jI ),)115,28 )
print 125
do 67 ii = 1,2

67 print 11.0, (p 3 (i I,) I ) ,3 I29,j m I )
print 125
do 68 ii = 1, in~I , 6

58 print 141, (rI (11, 31 ), ) 1 1,J m l ,4)
pr int 125
do 59 i i  = 1 , l m I ,6

69 pr Int 142 , ( u I ( L I , 3 l ) , J l z 1 , J m I , 4 )
pr int  125
d o 70 i i  = 1 , L m l , 5

70 pr int 143 , ( v I ( i I , I I ) , 1 1 1 , I m ) , 4 )
pr int 125
do 71 II 1 , L m i , 5

71 pr int  144 , (r ~
( ( i i , J l ) , J I l , J m j , ’ . )

p r int  125
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c Ip  = 0.
d p i  = C.
3jn 3 = Jt — 1
do 60 ) 2 ,31n3

60 cOp = d p i -  (p2 (l,I+1 )+p2 (l,I))~~
(
~~t (1, )+ 1 )— et (~~,j))/2.

clp cIp 4- ( p 2 ( i , 2 ) + r 2 ( l , 1 ) ) 4 ( e t ( i , 2 ) ~~e f ( 1 , 1 ) ) / 4 .
cI p = c l p  + p2 (1,fln )~~(1. —et~~1,33n ))
do 74 3 1 2,J )n3

74 d pi = d p I  i- (p3 (i, 3l4- 1 )+P3 (l,J I ))~~(c t i (1, J l + l )— e t l (i , 3 I ) ) / 2 .
d p I  = d p i  + (p3 (i.,2)+p3 (l,1))~~(et I (1 ,2)—e tI (1,1))14.
c (pI c l p l -I- p 3 (1,fln )~~(l.— et I (l ,J )n ))
CO aR9~~(c ip —c ~~p 1)
Cd ak9 4clp~~tde
c O d  = cl/cd
pr int 131, c I, cd ,cld
pr int 12~
do ‘+8 1,j m
do 48 1 1,Im

48 p2 (1,)) = aIcV (p2 (t,))—1.)
print 13~ , (p 2 (l,3),j=1,l’+)
pr int 131;, ( p Z ( 1 , J ) , J 15,2S )
pr int 136, (p2 (i ,J ),J=29 ,Jm )
pr int 125
do 72 3 1  = 1 , )m l  • I I !

do 72 ii = 1,jrr l
72 p 3 (i l , J i )  = a~c~I~~(p3 (tl ,) 1)—i .)

pr int 1’+5, (p3 (1,j),)=i-,.2)
print 1L.-~, (p3 (1,3),J 13,)m I
print 125
r e t u r n

C
125 format  (2x )
126 format (“~~t” ,2x, lo f8.

L.)
127 format (‘x1” ,2x,l bf -S.’+ )
128 format C” etb ”,x,16f6.k)
129 format (“x~~b ’,x, 1~~f8.4)
130 format (‘p~~,3x,16f8.’.)
131 format (~~r”,3x,16f5.~+)
132 format (u u~~,3x ,1bf8.~+)
133 format (, ‘,3x,lSf8.,)
134 forma t (“v4”,3x,ibfB.4)
136 format (“c~~”,2x, 16f8.’.)
137 format (c l  =“,t 8.4, 4x,”Cd •,l tS.4,4x,”cI/c d “,f8.4)
138 for mat (“et l” ,x,16f8. ’+ )
139 format (“x il” ,x,l 6fe .’+)
1.40 forma t (o 1 ’ ,2x,1&f8.4)
141 format (“r l” ,2x,iSfS . l+)
142 f o rm a t  (“ U 3” ,2x, 1018.’.)
143 format (“v f” ,Zx,16f8.4)
141. format (“rIl” ,2x,16f8.4)
145 for mat (“cp 1~~,x,16f8.4)
C

end
C
C

subroutir e mo d (l )
ciL men~~icn p(42,42),r (42,.+2),u (42,+2),v (42,4?) ,~d42,42)
dl mensl cn p i (4 2 , 4 2 ) , r i ( 4 2 , 4 2 ) , u I ( 4 2 , L4 2 ) , v 1 ( 4 2 , L 4 2 ) , r 4 l ( (4 2 , 4 2 )
dimension e t ( 4 2 , J , ~c i ( ’.~~,4 2 ) , c h I ( 4 2 J , p s i ( ’ . 2 )

A- — ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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cj~~I Ii ~r I~T L c n  ~~ I ~~~~~~~~ ~~~ 1 (1. ~~~ ~~I_ i I j  I ~~~~~~~ I~~~I:, 
I_ A~~~~~ )

common /cl/ p,r,u,v,..i
common /c3/ hh,dcc,cic p ,tde,d CC I ,dC Pl
common /c4/ L m , ) m , I m l , i r P I
co mmon /c6/ jJn ,a ,x 1~~,t ob ,etr
conimo n /c7/ i i i , ) i l , i l l i , ) J 1 I , ) f l l , i f , l t l
com mon /c8/ xj,et ,xit,e t l
common /c~ / jn
common Id Ol xi r,ch i ,psj ,Chii, PSi I
commo n /c16/ p I ,r I , u l , v 1 ,~d
common /c13/ s
if C l .g t. 0 ) go to 63
do 82 3 1 = )tl ,)jj
psjs tde 4- (1.+(t~ o— x iu )4 ch ii (J l))/(s~~(1.4-hh~~cl i I (j l ) ) )
di = 1. 4- (osj~~/c J cp l )
ii = if ix (d i ) -

dA j r = (xii (ii , i i )  — x 1 (1,11))! C x i i  (i i , J i )  — x i i  ( i l - f l ,  J i ) )
p 11, 3 3 )  = p 1 (ii , 3 1 )  4- ( p1 (11 + 1 , )I ) —~~‘ I C  ii , 3 3 ) )  ~ d x i  r
r (1. , J I )  = r 3 ( 13  , ) I )  + (r 1 (1 1 + 1 , 3  1 )—r i (ii , 3 3 )) ’ - dx ir
u (1 ,3 i )  u l (ii , J i  ) 4 - C u  I (i 3 + 1 , 3 1 )— u i  (ii , 3 ) ) ~ d x  ir-
v (1,j I )  = vi ( i i , )  3 ) 4- (v I (il- f l, ) I )— vI (ii ,) I )~~d xi r

82 w (1, 3 3 )  = w I  Cii,) I) + (~+ I (i 1 + 1 , 3 1  ) — ~ U ii,) ) ) ‘-dxi r
return

C
83 do 81 ) = 3 1 1 , 3 ]) • . 1 4  H I

PSA S = ((xiu—xir )~~too~ chi ())x ir)/ ((etr ’-tuO—xi U )’-Ch i (l )+ et r )
di = 1• + (psis+hh )/dc
1 = i f i x ( d i )
dxir = (x ii (1,) )— xi C i ,) )) /(xi (ui-i, )) —xi (A, J
p) (1,)) — p Ci, ) 1+ (o( i+l,j )—p( i,) I )~~cxir
rI (1,)) r (i,j)+ (r ( ii- 1,j )—r (i ,j ))~~ax ir
ul (1,3) = uti, 3 )4tut i41,) )— u (I,3 ))’-cxir
v O (1,)) = v (i ,j I + (v( 1 + 1,3 )  — v C  1,)  ))‘-oxir

81 w O ( 1 , J )
return

c
end 
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Tabl e 1

Normal Section Angle Dependence on Span and Shock
Angle for Design Mach Numbers 2 and 4

S~

~~=45 60 30 45 60

= 0.328 0.374 0.593 0.663 0.629

,
f ~O = 14.744 22.41 1 17.784 29 846 37.758

~
MD = 2. 2. 4. 4.

0 0. 0. 0. . 1 1 0 .  0.
0.2 0.3749 0.1819 1.1225 0.6490 0.2751
0.4 

- 

0.6638 0.3495 1.51 64 1.0023 0.5075
0.6 0.8458 0.4931 1.4753 1.1367 0.6800
0.8 0.9463 0.6092 1.3820 1.1718 0.7983
1.0 0.9974 0.6995 1.2995 1.1683 0.8761
2.0 1.0327 0.9086 1.1052 1.0862 0.9998

4.0 1.0133 0.9804 1.0292 1.0272 1.0095

10.0 1.0024 0.9973 1.0048 1.0047 1.0023
A 

1. 1. 1.
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Tabl e 2

On—Design Normal Section Shock Angle

s*

B g = 3 0  45 60

0 90. 90. 90.

0.2 73.532 82.029 86.712

0.4 60.449 74.775 83.540

0.6 51 .388 68.666 80.580

0.8 45.392 63.786 77.898

1.0 41.410 60.000 - :  1 - • 75.523

2.0 33.690 50.769 67.792

4.0 31 .003 46.686 62.688

10.0 30.165 45.284 60.484

20.0 30.049 45.071 60.123

30. 45. 60.
t
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Table 4

Case Constants

Attached Al gorithm

s~ 1m x

1 1.9 14 x 14 .85
1.8 .90

2 2.0 28 x 28 .50
1.8 .60
1.6 .65
1.55 16 x 16 .80
1.50 - 

.85

1 4.0 - - - .70

3.5 .80

2 4.0 .40

3.5 14 x 14 .50
3.0 .55
2.5 .75

Detached Algorithm
s~ 1m X ‘~ni 

- 

1’3R lit-i ~N

1.6 24 x 24 1.35 1.30 1.05 2.637 2.276

2 1.7 28 x 24 1.467 1.40 5.882 1.225
1.5 24 x 24 0.980

1.4 24 x 24 1.225

1.35 16 x 24 0.980

1.3 20 x 24 1 t 0.980
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